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ABSTRACT
Nowadays active detection improvement relies significantly
on advanced sensor technology, such as the cardioid receive
array that allows the directional (right/left) discrimination of
the received signal. However, in cardioid sonar signal pro-
cessing calibration is a major drawback as the signal level
obtained is not directly related to the hydrophone pressure
level in the water. In this paper, mathematical expressions
are derived for the calibration of the cardioid-processed data
using CW and LFM signals. The validity of these expres-
sions is demonstrated with simulated and real active LFM
sonar data. In addition, two cardioid beamformers are exam-
ined and compared; both algorithms are applied to real and
modeled data. Comparisons between line and cardioid array
are also obtained.

1. INTRODUCTION

Traditional towed line arrays suffer from the well known
port/starboard (P/S) ambiguity [1]. This limitation is par-
ticularly penalizing, from the sonar performance point of
view, in shallow waters, where strong directional reverber-
ation can mask potential targets on both sides of the array
[2]. Operational methods have been proposed to overcome
this problem, like maneuvering of the towing ship, but these
methods are usually time consuming, while single ping P/S
discrimination is desirable. Two main categories of arrays
capable of discriminating port from starboard have been de-
veloped: twin arrays and single line arrays of directional sen-
sors. Cardioid arrays (also called triplet arrays) fall in the lat-
ter category. Cardioid arrays are towed arrays consisting of
hydrophone triplets. Each triplet is made of three closely-
spaced omnidirectional hydrophones evenly mounted on a
circle perpendicular to the array axis. By applying proper
signal processing, it is possible to make each triplet behave
as a single directional hydrophone, by exploiting the small
time delay of signals received by the individual hydrophones.
Due to the very small distance between sensors, the noise
received by the hydrophones of the same triplet is usually
strongly correlated and a conventional delay-and-sum beam-
former performs poorly. For this reason cardioid beamform-
ing, rather than aiming at the enhancement of the signal com-
ing from the desired steering direction, tries to cancel the sig-
nal coming from the ambiguous direction. The drawback of
this approach is that cardioid processing returns uncalibrated
signal levels.
Calibrated cardioid levels are desirable in some circum-
stances. As an example, calibrated levels would allow the
direct comparison of cardioid beamforming against line array
beamforming. Calibrated levels must be known also when-
ever real data have to be compared with simulated data. In

Figure 1: Pictorial representation of a cardioid array (image
from [3]).

this paper mathematical expressions are derived for the cal-
ibration of the cardioid-processed data using CW signals.
The use of such expressions is then extended to frequency-
modulated signals (LFM and HFM).
The paper is organized as follows. In section 2 triplet arrays
are described more in detail. Cardioid beamforming is illus-
trated in section 3. The calibration factors for CW and FM
signals are derived in section 4. Calibration examples with
synthetic and real data are presented in section 5. Finally the
conclusions are summarized in section 6.

2. CARDIOID ARRAYS

Cardioid arrays are towed arrays consisting of a line of
triplets instead of a line of single hydrophones. Each
triplet consists of three closely-spaced omnidirectional hy-
drophones evenly mounted on a circle perpendicular to the
array axis, as shown in figure 1. In this work we adopt a
right-handed Cartesian reference system (X ,Y,Z) where Y
is the array axis pointing at the towing direction, the X axis
points at starboard broadside and the Z axis points at the sea
surface.

Let K be the number of triplets in the array and let
k = 1,2, . . . ,K be the triplet index. Similarly, let j = 1,2,3
be the index of the hydrophones within each triplet. The an-
gular separation between the sensors in the triplet is denoted
with γ = 2

3π . Due to the applied forces, the array can be
twisted. As a consequence, each triplet will be characterized
by a twist angle βk defined clockwise with respect to the Z
axis. The angles of each sensor with respect to Z will be
denoted with

φ1k = βk
φ2k = βk + γ
φ3k = βk − γ

(1)
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Figure 2: The two steps of cardioid beamforming (image
from [3]).

According to this notation, the vector v jk defining the posi-
tion of the j-th hydrophone within the k-th triplet with re-
spect to the centre of the triplet is

v jk =

[
r sinφ jk

yk
rcosφ jk

]
(2)

where r is the radius of the pitch circle the hydrophones are
mounted on and yk is the Y coordinate of the k-th triplet.
From the above expression follows that estimation of the ar-
ray twist is necessary for correct hydrophone positioning.
The twist is usually measured by roll sensors evenly dis-
tributed along the array.

3. CARDIOID BEAMFORMING

One way of solving the port/starboard ambiguity problem is
a special kind of beamforming, called cardioid beamforming
[3]. The beam pattern obtained from cardioid beamforming
corresponds to the beam pattern for a normal line array [4]
weighted by the cardioid-shaped beam pattern obtained by
combining the data of the three hydrophones in the triplet.
This two-step processing is illustrated in fig. 2 for a steer-
ing direction of 45 degrees. On the left panel, the red line
represents the response of the cardioid hydrophone, which
behaves like a directional hydrophone, and the blue line is
the line array beamformer response, characterized by the am-
biguous beam at 315 degrees. The final outcome of cardioid
beamforming is shown in the right panel, which is the re-
sult of the multiplication of the cardioid response by the line
array response.

Our implementation of the cardioid beamforming is in
the time domain. The cardioid response of each triplet is ob-
tained with the three following steps: (1) the signals received
at the triplet sensors are shifted to the triplet centre by ap-
plying the proper time delays; (2) the shifted signals are then
weighted by the projection of their position vector v jk on the
steering direction; (3) the resulting shifted and weighted sig-
nals are summed. Since the projection of the v jk vectors on
the steering direction can be either positive or negative (de-
pending on the relative positions of the hydrophones with
respect of the steering direction), the final result is the differ-
ence of the shifted signals, rather than their sum.
We define the steering direction by means of the azimuth an-
gle θ , which runs in the XY plane (i.e. horizontal) clockwise
from Y , and of the elevation angle φ , which runs in the XZ

plane (i.e. vertical) clockwise from Z. The expression for
cardioid beamforming is then

bk(θ ,φ) =
3

∑
j=1

s jk(t −d jk)
(
u(θ ,φ) · v j,k

)
(3)

where u(θ ,φ) is the unit vector defining the steering direc-
tion

u(θ ,φ) =

[
sinφ sinθ
sinφ cosθ

cosφ

]
(4)

and (·) is the scalar product operator. If we calculate the
scalar product we obtain(

u(θ ,φ) · v jk
)

= r(sinφ jk sinφ sinθ + cosφ jk cosφ) (5)

The above expression is obtained by assuming the centre of
the triplet as the origin of a relative reference system, there-
fore yk = 0.
We now want to calculate the array directivity for a plane
wave coming from the steering direction defined by (θ ,φ).
The signals received at the hydrophones will be related by
the following equation

s jk = sk(t +d jk) (6)

where

d jk =

(
u(θ ,φ) · v jk

)
c

(7)

and c is the speed of sound. The array response is then (see
Annex 2 for details)

bk(θ ,φ) =
3

∑
j=1

sk(t)(u(θ ,φ) · v j,k) = 0 (8)

Equation 8 confirms how the cardioid beamforming works:
this algorithms places a null in the steering direction. We
now have to evaluate the output of the beamformer at the am-
biguous direction. Given a plane wave coming from (−θ ,φ),
the signals received at the hydrophones of the k− th triplet
are now related by

s jk = sk(t −d jk) (9)

The array response to a signal coming from the ambiguous
direction bA

k is therefore (see Annex 2 for details)

bA
k (θ ,φ) =

3

∑
j=1

sk(t −2d jk)(u(θ ,φ) · v j,k) (10)

This expression is the output of the single triplet cardioid
beamformer and the calibration process consists in finding
the relationship between s(t) and bA

k (θ ,φ).

4. CALIBRATION

The goal of this section is to derive an analytical relationship
between input and output signals of the cardioid beamformer.
To this purpose we start considering a continuous wave (CW)
signal received at the array. We then extend the results to the
case of frequency-modulated (FM) signals.
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4.1 Calibration for continuous wave signals

Let us consider a continuous wave signal of amplitude A and
frequency f

s(t) = Acos(2π f t) (11)

By substituting the CW signal in eq. 10 we obtain (see Annex
2 for details)

bA
k (θ ,φ) = Acos(2π f t)b1 +Asin(2π f t)b2 (12)

where

b1 =
3

∑
j=1

cos(4π f d jk)
(
u(θ ,φ) · v jk

)
(13)

and

b2 =
3

∑
j=1

sin(4π f d jk)
(
u(θ ,φ) · v jk

)
(14)

The explicitation of the above equations for b 1 and b2 pro-
duces expressions which are quite complex. The results pre-
sented hereinafter are a simplification of what the general re-
sult is, and are chosen to give a better feeling of the behaviour
of the coefficients b1, b2. For sake of simplicity, we can as-
sume that we are interested in horizontal steering directions
only, i.e. φ = π/2. Under this hypothesys, the scalar product
becomes: (

u(θ ,π/2) · v jk
)

= r sinφ jk sinθ (15)

By substituting the scalar product in b1 and b2 we obtain:

b1 =
3

∑
j=1

cos(4π f r/csinφ jk sinθ )r sinφ jk sinθ (16)

and

b2 =
3

∑
j=1

sin(4π f r/csinφ jk sinθ )r sinφ jk sinθ (17)

The above expressions for b1 and b2 are still complex and are
function of the triplet roll β . Approximated expressions can
be obtained if we consider that the argument of the cosinu-
soidal functions is usually very small. Typical values of the
radius r of the array are of the order of 2÷ 2.5cm, therefore
the argument is of the order of 2× 10−4 f . This means that
the argument is � 1 for frequencies of the order of 1KHz,
which is a reasonable hypothesis in LFAS applications. As
a consequence, the arguments of the cosine and sine func-
tions are � 1 and we can approximate the cosine and sine
functions with their Taylor expansion truncated to the fist and
third terms, respectively. The resulting approximated expres-
sions are (see Annex 2 for details)

b1 ≈ −8(π f/c)2(r sinθ )3 ∑3
j=1 sin3 φ jk

b2 ≈ 6π f (r sinθ )2/c
(18)

Equations 18 suggest two important considerations. The first
one is that |b1| � |b2|. In fact it can be demonstrated that the
sum is always < 1. Accordingly, we express b1 as a function
of b2 as follows:

|b1| ≤ −8(π f/c)2(r sinθ )3 =
4π f r

3c
sinθb1 (19)

where it results that |b1| � |b2|. As a consequence,the out-
put of the cardioid beamformer in the ambiguous direction
is still a sinusoidal function, even if in quadrature with re-
spect to the original signal. The relationship between car-
dioid beamformer input and output signals in case of CW
pulses is therefore

CCW = 6π f (r sinθ )2/c (20)

and the calibration factor is 1/CCW . The second considera-
tion is that the calibration factor does not depend on the roll
factor βk nor on the steering direction φ . These results are
confirmed if we plot the exact expressions of b1 and b2 for
different values of β and f . The coefficient b1, plotted in
in figure 3, shows significant variations with β , especially at
higher frequencies. On the other hand, b 2 (plotted in figure
4) is more stable and almost independent on β even at higher
frequencies (variations are not visible at this scale). In any
case b1 values are negligible with respect to b2 values, as can
be deduced from the vertical scale of the figures. The ratios
between b1 and the maximum over β of b2 are approximately
48dB, 34dB, 28dB and 18dB, for frequencies from 100Hz to
3000Hz.
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Figure 3: Coefficient b1 plotted for β = [0;360] and f =
[100,500,1000,3000]Hz.
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Figure 4: Coefficient b2 plotted for β = [0;360] and f =
[100,500,1000,3000]Hz.

4.2 Calibration for frequency modulated signals

In the previous section we derived the calibration factor for
the cardioid array in case of CW signals, which results to be
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function of the signal frequency, as shown in eq. 20. In case
of frequency-modulated (FM) signals, the derivation for CW
signals is still approximately valid if the frequency of the sig-
nal does not significantly change when we apply the delays
d, i.e. if the signals that will be summed still have approxi-
mately the same frequency. As the inner triplet hydrophone
distance is much smaller than the duration of the incoming
wave this is a good approximation. Let us consider, as an
example, a linearly frequency-modulated (LFM) signal with
centre frequency fc, bandwidth B and duration T . Its fre-
quency change over the time delay d jk, with respect to the
value at time t, is

f = fc − B
2

+
B

2T
(t −d jk) (21)

The difference between frequencies for signals received at
hydrophones i and j and shifted to the centre of the triplet is

∆ fi j = fi − f j

= B
2T (d j −di)

(22)

By substituting in eq. 22 the expressions for d of eq. 7 we
obtain

∆ fi j =
B

2T
r
c

sinθ sin(β ± γ/2)sin(±γ/2) (23)

This difference has its maxima and minima for θ = ±π/2
and β = ±π/2±π/3, which in absolute level are equal to

∆ fMAX =
B

2T
r
c

√
3/2. (24)

This maximum frequency difference is acceptable if
∆ fMAX/ f � 1, i.e. if

B � f T
2c

r
√

3
(25)

In practical LFAS applications, where the pulse length is of
the order of few seconds, this expression is always satisfied
and therefore it can be assumed that the calibration factor
derived for CW signal also applies to any FM signals. How-
ever, the calibration factor is no longer independent of time
over the duration of the signal as the frequency itself de-
pends on time. This means that for unknown time of arrival
of the signal the beamformer cannot, in principle, be cali-
brated. Changes relative to the value at the centre frequency
by 20log

(
1± B/(2 fc)

)
can be significant for a broadband

pulse. However, after matched filtering the total signal level
will obtain a lower contribution from the part of the signal be-
fore the centre frequency but a higher contribution from the
part of the signal after the centre frequency and the differ-
ences in level will average out. Therefore the FM calibration
will be based on the pulse’s centre frequency:

CFM = 6π fc(r sinθ )2/c. (26)

The validity of this assumption is verified in the next section
by means of tests with synthetic and real data.

5. CALIBRATION EXAMPLES

5.1 Synthetic data

Calibrated cardioid beamforming was tested on synthetic
data. In this section we present a calibration example based

Figure 5: Single line (red) and calibrated cardioid (blue)
beampatterns for synthetic data.

Figure 6: Calibrated standard (blue) and modified (red)
beampatterns for synthetic data.

on simulated triplet array data generated for an LFM pulse
with centre frequency fc = 1200Hz, bandwidth B = 400Hz,
duration T = 1s and with a point target at 315 degrees. Syn-
thetic data are cardioid beamformed and calibrated with the
calibration factor of eq. 26. Calibrated beamformed data are
then matched filtered. The output levels of the matched filter
are compared with the levels obtained by line-array beam-
forming and matched filtering a single line array formed by
taking only one hydrophone per triplet. The line array beam-
former and the matched filter have 0dB signal gain, meaning
that the maximum of the matched filter output corresponds
to the maximum amplitude of the signal received at the hy-
drophones. The noise level is very low in the simulated data
and can be neglected. Figure 5 shows the line array response
(red line) and the calibrated cardioid array response (blue
line) as a function of steering direction. Since the two
beam patterns are calibrated, the sidelobe levels can be com-
pared directly. The cardioid beamformer has equal or better
sidelobe behavior than the line array beamformer except near
endfire where the calibrated cardioid algorithm has a singu-
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Figure 7: Matched filter output for single-line array beam-
forming (no target present).

larity, due to the fact that CFM = 0 for θ = (0,π), where
sinθ = 0. From a practical point of view, calibrated cardioid
processing gives good results up to about 10 degrees from
forward or backward endfire. For angles less than 10 degrees
from endfire the cardioid beamforming should be replaced
by line array beamforming.
In order to avoid the singularity at endfire, it is also possible
to slightly modify the cardioid algorithm. An alternative im-
plementation places a null at − θ

|θ |
π
2 , i.e. always at broadside

at the ambiguous side. In this case sinθ = sin(±π/2) = ±1.
The beampatterns obtained with the two cardioid beamform-
ing algorithms are compared in figure 6, where the blue line
corresponds to the standard algorithm and the red line corre-
sponds to the modified one. The comparison between the two
beampatterns shows that the modified algorithm offers only
a 16 dB left-right suppression for a target at 315 degrees, but
the singularity at endfire is removed.

5.2 Experimental data

Calibrated cardiod beamforming was tested also with real
data collected during the BASE’04 sea trial of the NATO
Undersea Research Centre [2]. In this section we show
the results obtained for a ping of real active cardioid sonar
data corresponding to a LFM pulse with centre frequency
fc = 1050Hz, bandwidth B = 500Hz and duration T = 3s.
No target is present in this example. The line array data is
beamformed for 60 beams equally spaced in sine domain and
the cardioid array data is beamformed for 120 beams equally
spaced in sine domain. Beamformed data are then matched
filtered. The calibration results are shown in figures 7-9. The
same color scale is used in all images. Figure 7 is the result of
line array processing and is symmetric around 180 degrees.
Figure 8 shows the results for the standard calibrated cardioid
algorithm and the known problems at forward and backward
endfire can be observed easily. Figure 9 is the result for the
modified cardioid algorithm. For this data set differences in
left-right suppression for the standard and modified cardioid
algorithms are practically unobservable.

Figure 8: Matched filter output for standard calibrated car-
dioid beamforming (no target present).

Figure 9: Matched filter output for modified calibrated car-
dioid beamforming (no target present).
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6. CONCLUSIONS

In this paper mathematical expressions for calibration of car-
dioid array beamforming are derived. The work is based on
the analysis of the relationship between signals at the input
and output of the cardioid beamformer. The calibration fac-
tor for CW signals is shown to be proportional to the fre-
quency of the pulse. Calibration formulae for frequency-
modulated signals, such as LFM and HFM, are obtained by
extending the results for the CW signals. The cardioid beam-
former calibration formulae have been successfully tested
with synthetic and real data.
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ANNEX 1: USEFUL TRIGONOMETRIC EXPRES-
SIONS

In the derivation of the cardioid beamformer response we of-
ten have to deal with expressions which are sum of three
trigonometric functions with arguments φ jk. If we substi-
tute to φ jk the values of eq. 1, where γ = 2

3 π , we obtain the
following equivalences which are satisfied ∀β :

sinβ + sin(β + γ)+ sin(β − γ) = 0
cosβ + cos(β + γ)+ cos(β − γ) = 0
sin2(β )+ sin2(β + γ)+ sin2(β − γ) = 3/2
cos2(β )+ cos2(β + γ)+ cos2(β − γ) = 3/2

(27)

ANNEX 2: DERIVATION OF RESULTS

Derivation of equation 8

bk(θ ,φ) = ∑3
j=1 s jk(t −d jk)(u(θ ,φ) · v j,k)

= ∑3
j=1 sk(t +d jk−d jk)(u(θ ,φ) · v j,k)

= ∑3
j=1 sk(t)(u(θ ,φ) · v j,k)

= sk(t)r
[
sinφ sinθ ∑3

j=1 sinφ jk+
cosφ ∑3

j=1 cosφ jk
]

= 0

(28)

where the last line is obtained by substituting equations 1 in
8 and using the second and third results in Annex 1.
Derivation of equation 10

bA
k (θ ,φ) = ∑3

j=1 s jk(t −d jk)(u(θ ,φ) · v j,k)
= ∑3

j=1 sk(t −d jk −d jk)(u(θ ,φ) · v j,k)
= ∑3

j=1 sk(t −2d jk)(u(θ ,φ) · v j,k)
(29)

Derivation of equation 12

bA
k (θ ,φ) = ∑3

j=1 Acos((2π f (t −2d jk)))(u(θ ,φ) · v j,k)
= A∑3

j=1 cos(2π f t)cos(4π f d jk)(u(θ ,φ) · v j,k)+
A∑3

j=1 sin(2π f t)sin(4π f d jk)(u(θ ,φ) · v j,k)
= Acos(2π f t)∑3

j=1 cos(4π f d jk)(u(θ ,φ) · v j,k)+
Asin(2π f t)∑3

j=1 sin(4π f d jk)(u(θ ,φ) · v j,k)
= Acos(2π f t)b1 +Asin(2π f t)b2

(30)

Derivation of equation 18
By using the truncated Taylor expansion we can approximate
sin and cos with small arguments as:

sinε ≈ ε
cosε ≈ 1− ε2/2

(31)

By substituting the approximations in equations 16,17 we ob-
tain:

b1 ≈ ∑3
j=1

(
1−1/2

(
4π f r/csinφ jk sinθ

)2)
r sinφ jk sinθ

= r sinθ ∑3
j=1 sinφ jk −8(π f/c)2(r sinθ )3 ∑3

j=1 sin3 φ jk

= −8(π f/c)2(r sinθ )3 ∑3
j=1 sin3 φ jk

(32)
and

b2 ≈ ∑3
j=1 4π f r/csinφ jk sinθ r sinφ jk sinθ

= 4π f (r sinθ )2/c∑3
j=1 sinφ jk

= 6π f/c(r sinθ )2
(33)
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